Abstract. We compute the vacuum expectation values of torus knot operators in Chern-Simons theory, and we obtain explicit formulae for all classical gauge groups and for arbitrary representations. We reproduce a known formula for the HOMFLY invariants of torus knots and links, and we obtain an analogous formula for Kauffman invariants. We also derive a formula for cable knots. We use our results to test a recently proposed conjecture that relates HOMFLY and Kauffman invariants.
Introduction
The idea of using Chern-Simons theory [5] to compute knot invariants goes back to Witten's paper [32] in 1989, when he identified the skein relation satisfied by the Jones polynomial [12] . Though the theory is in principle exactly solvable, the computations are quite challenging in most cases. One convenient framework to address such problems is the formalism of knot operators [21] . For torus knots, an explicit operator formalism has been constructed by [15] , that successfully reproduces the Jones polynomial for Wilson loops carrying the fundamental representation of SU (2) .
Several further works have generalized the computation to arbitrary representations of SU (2) [11] , to the fundamental representation of U (N ) [16] and to arbitrary representations of U (N ) [17] . There have also been attempts to compute Kauffman invariants from Chern-Simons theory. With Wilson loops carrying the fundamental representation of SO(N ), Labastida and Pérez obtained a simple formula for theThe outline of the paper is as follows: in Section 2, we recall some important properties of Wilson loops. Section 3 is devoted to the matrix elements of torus knot operators. In Sections 4,5 and 6, we deduce explicit formulae for HOMFLY and Kauffman invariants of cable knots, torus knots and torus links. Finally, in Section 7 we provide some tests of Mariño's conjecture.
Chern-Simons Theory and Wilson Loop Operators
Chern-Simon theory is a topological gauge theory on an orientable, boundaryless 3-manifold M with a simple, simply connected, compact, nonabelian Lie group G and the action
where Tr is the trace in the fundamental representation and k is a real parameter. In this expression A is a g-valued 1-form on M , where g is the Lie algebra of the gauge group G.
In the context of knot invariants, M is usually taken to be S 3 and the relevant gauge-invariant observables are Wilson loop operators. Let K ⊂ S 3 be a knot and V λ an irreducible g-module of highest weight λ. The associated Wilson loop is
where Pexp is a path-ordered exponential. In other words W λ K (A) is obtained by taking the trace on V λ of the holonomy along K.
As was realized first by Witten [32] , the vacuum expectation value (vev)
where the functional integration runs over the gauge orbits of the field, is a framingdependent invariant of the link L = K 1 ∪ · · · ∪ K L . Indeed W λ (K) = W K λ reproduces the quantum invariant obtained from the category of U q (g)-modules. In this paper we shall encounter colored HOMFLY invariants H K λ (t, v) corresponding to the group U (N ) and colored Kauffman invariants K K λ (t, v) corresponding to the groups SO(N ) and Sp(N ). The vev (2.3) can be computed perturbatively or by nonperturbative methods based on surgery of 3-manifolds. In this paper we consider these later methods, in particular the formalism of knot operators. Before turning to knot operators, and restricting to torus knots, we review some properties of Wilson loops.
Product of Wilson loops with the same orientation.
We provisorily take G to be U (N ) for definiteness. Representations that label Wilson loops are usually polynomial representations (those indexed by partitions). When we write W K λ for a Wilson loop or W λ (K) for an invariant, we implicitly assume that the representation with highest weight λ ∈ Λ + W is polynomial, so that we can symbolize λ by a partition.
The first relation to be mentioned is the well-known fusion rule for Wilson loops. For an oriented link made of two copies of the same knot, with the same orientation for both components (as in Fig. 1(a) for instance), one has
where P is the set of nonempty partitions and N ν λµ are the coefficients in the decomposition of the tensor product
They are called Littlewood-Richardson coefficients for U (N ).
Formula (2.4) is extremely useful, since it reduces any product of Wilson loops that share the same orientation to a sum of Wilson loops. It only applies to links composed by several copies of the same knot, but this is not a restriction for torus links.
For other Lie groups the same formula holds with different coefficients. For SO(N ) and Sp(N ) they are given by [23, 14] 
Here the sum runs over P ∪ {∅}.
Remark 1. Formula (2.4) has to be understood as a regularization for the product of two operators evaluated at the same point. It extends the relation
between the functionals W K λ (A) to the quantized Wilson loops. We derive (2.6) by noting that the holonomy U K is an element of G, hence it is conjugate to an element of the maximal torus of G [13] . Furthermore Tr V λ is the character of V λ as a function of the eigenvalues, and the product of characters is decomposed as the tensor product of representation.
Product of Wilson loops with different orientations.
The need to consider all rational representations appears when one deals with both orientations for K (as in Fig. 1(b) for example). The product of two Wilson loops W K λ and W −K µ , where −K denotes K with the opposite orientation, cannot be decomposed as above. In the formalism of the HOMFLY skein of the annulus [9] , one would have to use the basis of the full skein, indexed by two partitions. In Chern-Simons theory the same role is played by composite representations. Composite (or mixed tensor) representations
are the most general irreducible representations of U (N ), where the sum runs over partitions and η is the partition conjugate to η (the transpose Young diagram). More details on composite representations can be found in [10] . It is straightforward to derive a fusion rule for W
by decomposing mixed tensor representations. Let U K be the holonomy along K; then
One has the following decomposition of V λ ⊗ V µ in terms of composite representations [14] 
If we denote by
We can as well consider product of Wilson loops carrying composite representations and write a fusion rule for them. It is given by [14] 
2.3.
Traces of powers of the holomony. As will be illustrated later in this paper, traces of powers of the holonomy along a given knot play an important in the gauge theory approach to knot invariants. In fact, such composite observables can be decomposed by a group-theoretic approach. Given a knot K, the holonomy U K is conjugate to an element in the maximal torus of G, and we already mentioned that 8) where ch λ is the character of g and z 1 , . . . , z r are the variable eigenvalues of U K (r is the rank of G).
The trace of the n-th power of the holonomy is then given by 
The coefficients c ν λ,n depend on the gauge group, and for clarity we will denote those by a ν λ,n for U (N ) and by b ν λ,n for SO(N ). Remark 3. In the case of U (N ), the above formula is an easy generalization of
where χ λ is the character of the symmetric group S N in the representation indexed by the partition λ and C (n) is the conjugacy class of one n-cycle in S N . This formula is precisely (2.11) for the the fundamental representation of U (N ). As we will see later, the coefficients a ν λ,n can be expressed in terms of the characters of the symmetric group.
Knot Operators Formalism
We move towards the study of Wilson loop operators associated with torus knots. The main result of this section is a formula for the matrix elements of torus knot operators that is much simpler than the one of Labastida et al. [15] . Eventually, we will provide a simple formula for the quantum invariants of torus knots. In the case of torus knots, an important achievement of [15] is the construction of the operator formalism that was just alluded to. The original paper treats the case of U (N ) and arbitrary gauge groups are addressed in [20] . H(T 2 ) is the physical Hilbert space of Chern-Simons theory on R × T 2 , which is the finite-dimensional complex vector space with orthonormal basis
indexed by strongly dominant weights. Each of these states is obtained by inserting a Wilson loop in the representation λ along the noncontractible cycle of the torus (Fig. 3) . The state |ρ associated with the Weyl vector ρ corresponds to the vacuum (no Wilson loop inserted). To be more rigorous, one should restrict (3.1) to integrable representations at level k. However, one can show that, provided k is large enough, all representations that arise from the action of knot operators are integrable. Hence, we formally work as if k were infinite.
We denote by T n m the (n, m)-torus link. T n m is a knot if and only if n and m are coprime. We denote by W (n,m) λ the corresponding torus knot operator. The following formula is due to [15] for the group U (N ), and to [20] for an arbitrary gauge group:
In this formula, M λ denotes the set of weights of the irreducible G-module V λ , y is the Dynkin index of the fundamental representation andč is the dual Coxeter number of G. The quantization condition requires that 2yk is an integer. Expression (3.2) is actually more complicated than it seems, because not all weights p + nµ are of the form ρ + ν for some ν ∈ Λ + W . Hence it is very difficult to get tractable formulae for W K λ from (3.2). To simplify the computation of the invariants, we shall provide simple expressions for the matrix elements. This result has been established in our master's thesis [31] for the group SU (N ).
3.2.
Parallel cabling of the unknot. To begin with, we consider an n-parallel cabling 1 of the unknot represented by the operator W (n,0) λ . It may look a bit awkward to consider such an operator, but if we manage to cope with the exponential factor we can reduce any W (n,m) λ to W (n,0) λ . From our considerations on powers of the holonomy, it is clear that
As a result of this operator expansion, and since W
This equality can also be proved from the explicit representation of W (n,m) λ on H(T 2 ). More details are given in Appendix A.
1 Here parallel cabling is not to be understood in the classical sense. Usually the n-parallel cable of a knot is a n-component link, which should be represented by the product of operators (Tr V λ U) n . In our case the n-parallel cable is the quantum quantity Tr V λ (U n ).
Matrix elements of torus knot operators.
To deal with the generic torus knot operator W (n,m) λ , we introduce a diagonal operator
where
is a conformal weight of the WZW model. The action of W (n,m) λ and W (n,0) λ on |ρ + η differ only by an exponential factor, which is
It follows immediately that
Using this result and our discussion on W (n,0) λ , we obtain a simple formula for the matrix elements of
Remark 4. This formula contains the same ingredients as Lin and Zheng's formula [22] for the colored HOMFLY polynomial. One of our goals was to reproduce this formula in the framework of Chern-Simons theory.
3.4. Fractional twists. Formula (3.5) resembles a result of Morton and Manchón [26] on cable knots, to which we shall return in Section 4. Following their terminology, we shall refer to D as a fractional twist. In fact, there are intrinsic reasons in Chern-Simons theory to refer to D as a fractional twist. We recall that the mapping class group of the torus is SL(2, Z). It has two generators, T and S; the former represents a Dehn twist and the later exchanges the homology cycles. There is an unitary representation R : SL(2, Z) −→ GL H(T 2 ) [6] , and T acts by
If we redefine D to act as 
where (n, m)M stands for the natural action by right multiplication.
If we define T m/n = 1 m n 0 1 and extend R to such elements, then D = R(T m/n ) and formula (3.4) also extends to
With this identification it is clear why T m/n (and its representative D) should be called a fractional twist. It is, however, less obvious that R extends to T m/n .
Remark 5. Any torus knot can be obtained from the unknot by a complicated sequence of Dehn twists along both homology cycles. With a fractional twist we obtain T n m in one step from n-copies of the unknot. Our computations indicate that fractional twists have simple actions on ChernSimons observables (at least on torus knot operators). Hopefully, fractional twists apply to more general knots.
Invariants of Cable Knots
We extend our analysis to cable knots from the point of view of Chern-Simons theory. Consider a knot K ⊂ S 3 and its tubular neighborhood T K . Let Q be a knot in the standard solid torus T and i K : T −→ T K the embedding of T into T K . The satellite K * Q is the knot i K (Q) obtained by placing Q in the tubular neighborhood of K. In case the pattern Q is a torus knot, the satellite is called a cable. Fig. 4 illustrates a cabling of the trefoil. We follow the procedure described in [32] , translated in terms of knot operators. The path integral over the field configuration with support in
since the boundary of M is ∂T K with the opposite orientation, and the path integral over T gives a state W (n,m) λ
when the pattern T n m is inserted in the solid torus. The homeomorphism
We deduce the formula
In particular, when the trivial pattern T 1 0 is placed in the neighborhood T K , the resulting satellite is K:
Using our relation between W (n,m) λ and W
(1,0) λ , we deduce the following formula for the invariant of cable knots:
for U (N ), and the same formula with a ν λ,n replaced by b ν λ,n for SO(N ). This formula has been proved by Morton and Manchón [26] for HOMFLY invariants. The analogous for Kauffman invariants seems to be new.
Quantum Invariants of Torus Knots
In the preceding we have not specified the 3-manifold M onto which the knots are embedded, but the construction of the operator formalism implicitly requires M to admit a genus-1 Heegaard splitting. The case of interest, which is M = S 3 , admits the decomposition into two solid tori pictured on Fig. 5 . The choice of a homeomorphism to glue both solid tori together determines Chern-Simons invariants through the following formula [16] 
where F is an operator on H(T 2 ) that represents the homeomorphism. But this choice also determines a framing w(K) of the knot. We will correct W λ (K) by the deframing factor e −2πiw(K)h ρ+λ [32] to express the invariants in the standard framing.
It is common to glue the solid tori along the homeomorphism represented by S in the mapping class group (the one that exchanges the two homology cycles of T 2 ). The framing determined by this choice turns out to be mn for the (n, m)-torus knot. Its action on H(T 2 ) is given by the Kac-Peterson formula [6] 
Depending on the choice of the gauge group, several invariants can be computed. Our results apply to any semisimple Lie group, but we will restrict ourselves to classical Lie groups. As it turns out, the group U (N ) reproduces the colored HOMFLY invariants, whereas both groups SO(N ) and Sp(N ) reproduce the colored Kauffman invariants.
5.1. Colored HOMFLY polynomial. The precise relation between colored HOM-FLY invariants and Chern-Simons invariants with gauge group U (N ) is the following:
where t = e −πi k+N and v = t N are considered as independent variables. Since G = U (N ) has been fixed, we have replacedč by N and y by 1/2.
We use the notation H
By using the action of knot operators,
The invariant of the unknot W ν (T 1 0 ) is called the quantum dimension of V λ . Using the Kac-Peterson formula (5.2) and the Weyl character formula, one obtains
This expression is a function of t and v given by the Schur polynomial s λ (x 1 , . . . , x N ) evaluated at x i = t N −2i+1 . We denote this function by s λ (t, v). Finally, by showing that all ν ∈ P appearing in the sum satisfy |ν| = n|λ|, we obtain the following formula:
This formula has already been proved by Lin and Zheng [22] starting from the rigorous quantum group definition. This formula is much simpler than the one originally obtained by Labastida and Mariño by using knot operators [17] . For actual calculations the following expression is useful:
It is easily proved using Frobénius formula for the characters of the symmetric group.
Example 1. Apart from the examples found in [22] , we obtained for (3, m)-torus knots the following results: 
For the Lie group SO(N ), one hasč = N − 2 and y = 1, regardless of parity. Using the fact that e 2πih ρ+λ = t −κ λ v −|λ| , the procedure is very similar to the case of U (N ). The quantum dimension of V λ , which is W λ (T 1 0 ), is a function of t and v that we denote d λ (t, v). Thank to Weyl character formula, it is given by the character of SO(N ); there are explicit expressions in [2] .
The final result is the exact analogous of (5.4),
This formula had in fact been derived by L. Chen and Q. Chen [4] ; the proof is similar to [22] . The main difference, as compared with (5.4), is that the coefficients b ν λ,n are those of SO(N ), and they are nonzero also for |ν| = n|λ|. To express these coefficients in terms of the a ν λ,n , we use relations between characters of SO(N ) and U (N ) obtained by Littlewood [23] . There are two formulae that give b More details, including notations, can be found in Appendix C. In principle the first formula applies to N odd and the second to N even, but they seem to give the same result. A similar situation occurs for tensor products where the decomposition does not depend on the parity of N .
Example 2. For (2, m)-torus knots, the colored Kauffman invariants are given by
Example 3. For (3, m)-torus knots we further obtain
Remark 7. These results are rather simple as compared with formula (5.7) for the Adams coefficients. We observed important cancellations of terms; thus it might be possible to simplify (5.7). In particular, Kauffman invariants present the following recursive structure: K appears in K , K appears in turn in K , and so on.
Quantum Invariants of Torus Links
The formulae for HOMFLY and Kauffman invariants generalizes to links by using the fusion rule (2.4) and taking into account the framing correction. One obtains
for the (Ln, Lm)-torus link. The first formula is equivalent to the formula of [22] for torus links. 
Mariño Conjecture for the Kauffman Invariants
Many highly nontrivial properties of the Kauffman invariants as well as their relation to the HOMFLY invariants might be explained by a conjecture of Mariño [25] that completes the prior partial conjecture of Bouchard, Florea and Mariño [3] . This new conjecture is similar to the Labastida-Mariño-Ooguri-Vafa conjecture [27, 19] for HOMFLY invariants, but it applies to Kauffman invariants and HOMFLY invariants with composite representations.
7.1. Statement of the conjecture. The conjecture contains two distinct statements, one for HOMFLY invariants including composite representations and one for both Kauffman and HOMFLY invariants. We first construct the generating functions
where all sums run over partitions including the empty one. The reformulated invariants h λ1,...,λ L (t, v) and g λ1,...,λ L (t, v) are defined by
All reformulated invariants can be expressed in terms of the original invariants through computing connected vacuum expectation values, following the procedure of [18] . We suggest an alternative procedure in Appendix B. For a knot, the lowestorder invariants are
More examples can be found in [25] . We now introduce the block-diagonal matrix M λµ , which is
for |λ| = |µ| = n and zero otherwise. We finally define
2)
The conjecture states that
with z = t − t −1 . In other words, there exist integer invariants N c λ1,...,λ L ;g,Q (c = 0, 1, 2) such that
Direct computations.
We now proceed to various tests of the conjecture for torus knots and links using formulae (5.4) and (5.6). Unfortunately, we cannot test the conjecture for all torus knots at once, and since the complexity increases rapidly, only the cases (2, m) and (3, m) are tractable.
In principle the integer invariants can be computed as functions of m (though they are in infinite number if m is not fixed). In practice, however, we had to fix m to obtain results in a reasonable amount of time. We have obtained generic results in a few cases, to which we shall return later on.
For (2, m)-torus knots, we have checked the conjecture for various values of m and for several low-dimensional representations. Most of these tests had already been made by [25] , using the formulae of [1] for Kauffman invariants. Recently, analogous tests have also been made for this class of knots with nontrivial framing [28] .
For (3, m)-torus knots, we were able to verify parts of the conjecture. As an illustration, we have compiled the integer invariants N 1 ,g,Q of the (3, 4)-torus knot in Tab. 1.
We further have proceeded to nontrivial checks of the conjecture for (2, 2m)-and (4, 2m)-torus links. For definiteness we consider here the two-component trefoil link T 4 6 . We have obtained
from which the integer invariants can be read. We have also compiled the invariants N 
between the HOMFLY and the Kauffman polynomials. But this relation does not hold in for torus links, and we suggest that an appropriate generalization is 1 2 K (2n,2m) , 
where c ν λ,n are the coefficient of the Adams operation (2.10). Proof. Using the fact that the set of weights is just permuted by the Weyl group, we immediately obtain Some further properties of Wilson loops can be checked explicitly for torus knot operators using similar arguments [31] .
Appendix B. Computation of the Reformulated Invariants
In this appendix we give explicit formulae for the reformulated invariants h λ (t, v) and g λ (t, v). Since we shall be dealing with finite collections of all different partitions, it is convenient to introduce the set N[P] of finitely-supported functions P −→ N. If we use elementary functions We write d|λ if d divides |λ|, and we let µ(d) be the Möbius function. By expanding the logarithm in series, we obtained the following formulae: 
Appendix C. Characters of SO(N )
The characters of SO(2r + 1) and SO(2r) can be represented by symmetric polynomials in Z[x 1 , . . . , x r , x −1 1 , . . . , x −1 r ], whose explicit expression are given in [7] . They can be expressed as linear combination of Schur functions in 2r variables. The relations are [23] In these formulae, µ is the partition conjugate to µ, r(µ) is the rank of µ, C is the set of partitions of the form (b 1 + 1, b 2 + 1, . . . |b 1 , b 2 , . . . ) in Frobénius notation and D is the set of partitions into even parts only. Both sets include the empty partition, and so does the sum over self-conjugate partitions.
